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Abstract: It is shown that the set of orbits of the action of the elementary symplectic 
transvection group on all unimodular elements of a symplectic module over a commutative 
ring of characteristic not 2 is identical with the set of orbits of the action of the correspond- 
ing elementary transvection group. This result is used to get improved injective stability 
estimates for K\ of the symplectic transvection group over a non-singular affine algebras. 

1 Introduction 

H. Bass introduced two types of linear transvections of a projective module R P in 
PP. He also introduced two types of symplectic transvecitons of a symplectic module 
(H(i?) © P, (, ) ± ipi). (These are recalled in §4). 

Since elementary automorphisms are nomotopic to the identity, we are able to 
invoke Quillcn-Suslin theory (see |10j . [13]) to show that 

• the groups generated by the two types of elementary linear transformations are 
the same as the elementary linear group in the free case (see Lemma l4.5p . 

• the group generated by the two types of elementary symplectic transformations 
w.r.t. the standard alternating form are the same as the elementary symplectic 
group in the free case (see Lemma T5. 131) . 

The above generalizes the special case of these results in (pi], Theorem 2). 

The title of this paper alludes to the comparison of the elementary linear and 
elementary symplectic orbits of a unimodular element (a, b,p) in a symplectic module 
(H(i2) _L P). In case P is free of rank > 4, it is established in ([5 , Theorem 4.2, 
Theorem 5.6) that these two orbits coincide. In the Appendix the missing case when 
P is free of rank 2 is proved by a similar, but slightly more involved argument. This 
means one has to essentially prove Lemma 2.9 and Lemma 3.1. Note that in the 
literature (for instance, see [6]. [7]) the general method of the rank 2 symplectic case 
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is usually by recourse to the study of Chevalley groups via the Chevalley commutator 
formulae; and the approach here is more in the vein of the higher sizes. 

Since elementary automorphisms are homotopic to the identity we show how the 
Quillcn-Suslin machinery enables one to extend the results of [5] to show that the two 
orbits are equal in the general case when P is a finitely generated projective module. 
(The transition is by no means automatic!) 

2 Preliminaries 

A row v — (vi ,...,«„) £ R n is said to be unimodular if there are elements W\ , . . . , w n 
in R such that viw\ + • • • + v n w n = 1. Um n (i?) will denote the set of all unimodular 
rows v £ R n . Let I be an ideal in R. We denote by XJm n (R, I) the set of all 
unimodular rows of length n which are congruent to e\ — (1, 0, . . . , 0) modulo /. (If 
I = R, then Um„(i?, I) is Um„(i?)). 

Definition 2.1. Let P be a finitely generated projective i?-module of rank n. An 
element v in P is said to be unimodular if for any maximal ideal m of R, we have 
v m £ Um„(7? m ). The collection of unimodular elements of P is denoted by Um(P). 
Note that Um(P, IP) denotes the collection of elements from Um(P) such that v m £ 
Um„(i? m ,/ m ). The set Um(P, IP) is the collection of all relative unimodular elements 
w.r.t. an ideal / of R. 

The group GL„(i?) of invertible matrices acts on R n in a natural way: v — > va, 
if v £ R n , a £ GL n (R). This map preserves Um„(i?), so GL n (R) acts on Um„(i?). 
Note that any subgroup G of GL„(i?) also acts on Um„(i?). Let v,w £ Um„(i?), we 
denote v w or v G wG if there is a g £ G such that v = wg. 

Let E„(i?) denote the subgroup of SL„(i?) consisting of all elementary matrices, 
i.e. those matrices which are a finite product of the elementary generators Ey (A) = 
In + eij(A), 1 < i ^ j < n, A £ R, where eij(X) £ M n (R) has at most one non-zero 
entry A in its (i,j)-th position. 

In the sequel, if a denotes an m x n matrix, then we let a* denote its transpose 
matrix. This is of course annxm matrix. However, we will mostly be working with 
square matrices, or rows and columns. 

Definition 2.2. The Relative Groups E„(I), E n (R,I): Let I be an ideal of R. 
The relative elementary group E„(J) is the subgroup o/E„(i?) generated as a group 
by the elements Ey(a;), x £ I, 1 < i ^ j < n. 

The relative elementary group E„(i?, /) is the normal closure o/E„(7) in E„(i?). 

(Equivalently, E„(_R, /) is generated as a group by Eij(a)Eji(x)Eij(—a), with a £ 
R, x £ I , i =/= j , provided n > 3 (see |15) . Lemma 8) ). 

Definition 2.3. E^(i?, /) is the subgroup of E„(i?) generated by the elements of the 
form Eu(a) and En(x), where a£ R,x £ I, and 2 < i < n. 

Definition 2.4. Symplectic Group Sp2„(i?): This is the isotropy group of the 

n n 

standard symplectic form ip n = X) e 2«-i,2i ~ X) e 2i.2i-i- In other words, Sp 2n (i?) = 

i=l i=l 

{a £ GL 2n (R) | OL l i\) n a — ip n }. 
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Let a denote the permutation of the natural numbers given by o~(2i) = 2i — 1 and 
a(2i - 1) = 2i. 

Definition 2.5. Elementary Symplectic Group ESp2«(-R): We define for z £ R, 

1 ' •' 3 • 

seij (z)= l l2n + ze v if i = o-(j), 

V \hn + ze i3 - {-iy +J ze^jy^ if i ^ a(j) and i < j. 

(It is easy to check that all these generators belong to Sp 2n (i?)). 
We call them the elementary symplectic matrices over R and the subgroup of 
S~P2n(R) generated by them is called the elementary symplectic group ESp 2n (i?). 

Definition 2.6. The Relative Group ESp 2 „(7), ESp 2n (i?, I): Let I be an ideal 
of R. The relative elementary group ESp 2n (/) is the subgroup o/ESp 2n (i?) generated 
as a group by the elements se^ \x), x £ / and 1 < i ^ j < 2n. 

The relative elementary group ESp 2 „(i?, /) is the normal closure o/ESp 2 „(/) in 
ESp 2n (i?). 

Definition 2.7. The group ESp 2rl (i?, /) is a subgroup o/ESp 2 „(i?) generated by the 
elements of the form seu{a) and seji(x), where a £ R, x <E I and 2 < i, j < 2n. 

Notation 2.8. We fix some notations. G(n, R) will denote either the linear group 
GL n (i?), or the symplectic group Sp 2m (i?), for n = 2m. Also, E(n, R) will denote 
either of the elementary subgroups E„(i?) or ESp 2m (i?). The standard elementary 
generators of E(n, R) are denoted by geij(a), a £ R. Let / be an ideal in R. Let 
G(n, R, I) denote the relative linear groups GL ra (i?, /), or SL n (R, I), the relative sym- 
plectic group Sp 2m (i?, I). Note that E(n, /) is a subgroup of E(n, R) generated as a 
group by the elements geij(x), where x € I, and 1 < i ^ j < n. Here, E(n,i?, /) 
denotes the corresponding relative elementary subgroups E„(i?, J), ESp 2m (i?,I), re- 
spectively. These are the normal closures of the subgroups E(n,7) in E(n,i?), which 
are also known to be generated by the elements geij(a)geji(x)geij(—a), a € R, x G I , 
and 1 < i ^ j < n (see [15], Lemma 8). Also, E 1 (n,i?, /) is a subgroup of E(n, R), 
generated by the elements geu{a), where a £ R and gen(x), where x£l,2<i<n 
in the linear and symplectic case. 

Lemma 2.9. Let n > 3 in the linear case and n > 4 in the symplectic case. Let R 
be a commutative ring with R = 2R, and let L be an ideal of R. Then the following 
sequence is exact 

1 — > E(n,R,I) — > E^n,^,/) — > E^-R/^O) — >• 1. 
Thus E(n,R, I) equals E 1 (n, R, I) D G(n, R, I) . 

Proof: For the proof in the linear case reader can see ([§], Lemma 2.2). The proof 
in the symplectic case is similar when n > 6. The proof when n — 4 is discussed in 
the Appendix. □ 
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3 Local Global Principle for Relative Elementary Group 

Lemma 3.1. Let R be a commutative ring with R = 2R, and let I be an ideal of R. 
Let n > 3 in the linear case and n > 4 in the symplectic case. Let e = S\ . . . e r be 
an element in E 1 (n, R, I), where each ek is a (standard) elementary generator. Also 
geij{Xf{X)) is a standard elementary generator ofE (n,R[X],I[X]). Then 

s 

e ge l3 (Y ir Xf(Y ir X)) e- 1 = JJ ge ith (Yh t (X, Y)), 

i=l 

where either i t = 1 or j t = 1 andh t (X,Y) G R[X,Y], wheni t = I; h t (X,Y) e L[X, Y] 
when j t = 1 . 

Proof: Proof in the linear case is straight forward. We establish the result here 
in the symplectic case when n > 6. In the Appendix the case when n = 4 is also 
covered. 

Given that geij(X f(X)) e E 1 (n,R[X],I[X]). First we assume i = 1, hence 
f(X) 6 R[X]. We prove the result using induction on r, the number of generators of 
e. Let r = 1 and s = ge pq {a). Note that when p = 1, a € R, and when g = l,o£j. 
Also note that we use * to represent an element of the ideal L. 

Case (1): Let (p,q) = In this case 

sey(a) se lj {Y i Xf{Y A X)) se y (-o) = se y (F 4 X/ (F 4 A)). 
Case (2): Let (p, q) = (1, a(j)). In this case 

se la{j) (a) Seij (Y 4 Xf(Y 4 X)) se l(T(j) {-a) 

= sei2 (*r 4 A/(r 4 x)) sei ,(y 4 x./(y 4 A)). 

Case (3): Let (p, q) = (l,fc),fc ^j,<r(j). In this case 

se lfc (a) Sei ,(y 4 A.f(y 4 A)) se lfc (-a) = Seij (Y 4 X f(Y 4 X)). 

Case (4): Let (p, q) — (k, 1), fc ^ j,cr(j). In this case 

«e fc i(a) S e y (r 4 X/(r 4 X)) sefci(-a) 
- Sefc ,(*r 4 A.f(r 4 A)) se^XfiY^X)) 

= [ sefel (*r 2 ), sei ,(r 2 x./(y 4 A))] sei ,(r 4 x/(r 4 A)), 

where * is an element of /. 

Case (5): Let (p, q) = (k, 1), where either fc = j or fc = Let us choose 
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r / 1, 2,j, In this case 

se kl (a) se l3 {Y A Xf(Y 4 X)) se fc i(-a) 

= seji(a) [ S e lr (r 2 X/(r 4 X)), S e r ,(r 2 )] s ejl (-a) 

= [se jr (Y 2 X * f(Y 4 X)) se lr (Y 2 Xf(Y 4 X)), S e rl (-F 2 *) 

ser ,(r 2 )] 

= se , r (r 2 x * / (y 4 x)) se lr (Y 2 xf(Y 4 x)) S e rl (-r 2 *) S e r ,(r 2 ) 
seir (-y 2 x/(y 4 x)) se jr (-Y 2 x * /(r 4 x)) ^(-r 2 ) 

se rl (F 2 *) 

= se jr (y 2 X * / (F 4 X)) se lr {Y 2 Xf{Y A X)) se rl {-Y 2 *) se rj {Y 2 ) 
se lr (-Y 2 Xf(Y 4 X)) [se, 1 (-F*), S e lr (FX/(y 4 X))] se r ,(-r 2 ) 
S e rl (F 2 *) 

= se jr (r 2 X * f{Y A X)) se lr {Y 2 Yf{Y i X)) se rl {-Y 2 *) se rj (Y 2 ) 
se lr (-Y 2 Xf(Y 4 X)) se r] {-Y 2 ) se r] {Y 2 ) 
[ Sejl (-Y*), se lr (YXf(Y 4 X))} se rj {-Y 2 ) se rl {Y 2 *) 

= Ki(F*), se lr (YXf(Y 4 X))] se lr {Y 2 Xf{Y 4 X)) se rl {-Y 2 *) 
se lr {-Y 2 Xf{Y A X)) se lj {Y i Xf{Y i X)) [se rl (-y 3 *) 
aeni-Y*), Seij (-F 3 X/(y 4 X)) se lr (YX f(Y 4 X))] se rl (Y 2 *). 

Hence the result is true when r = 1. We show the case j = 1 by carrying out 
similar calculations. Let us assume the result is true when the number of generators 
is r - 1, i.e, e 2 ...e r se^Y^ 1 X f{Y^ (X)) e" 1 . . .e^ 1 = ULi se Ujt (Yh t (X,Y)), 
where either i t = 1 or j t = 1. Note that h t (X,Y) G R[X,Y], when i t = 1 and 
/i t pf,y) G when j t = 1. 

We prove the result when the number of generators is r. We repeat the calculation 
above to conclude that eseij(Y 4 Xf(Y 4 X))e _1 = Y\l =l se Ptqt {Yh t {X,Y)), where 
either p t = 1 or q t = 1. Here h t (X,Y) G R[X,Y], when p t = 1 and h t (X,Y) G 
I[X,Y], when 9t = 1. □ 

Lemma 3.2. Lef M &e an R-module and I be an ideal of R. Let a(X), f3(X) G 
Aut(M[X],/M[X]) = fcer(AutM[A] — ► k\it{M[X]/IM[X])), with a(0) = Id, 
/3(0) = Id Lei a be a non-nilpotent element in R such that a(X) a = (3{X) a in 
Aut (M a [X] , IM a [X]). Then a(a N X) = (3(a N X) in Aut(M[X], IM[X}), for N > 0. 

Proof: Using a(0) - /3(0) = 0, we get a{X) - (3{X) = Xj(X), for some 7 (A) in 
Aut(M[X],IM[X]). Also a(X) a -/3(X) a = in k\xt{M a [X],IM a [X\), i.e, (a(X) - 
P(X)) a = 0, i.e, (X 7 (X)) a = 0. Hence a N (Xy(X)) = 0, in Aut(M[X],IM[X]), for 
some N > 0. Therefore a(a JV X)-/3(a Ar A) = a N X 1 {a N X) = 0, in Aut(MLY], IM[X]), 
for iV > 0. □ 

Lemma 3.3. Let R be a commutative ring with R = 2R, and let L be an ideal of R. 
Let n > 3 in the linear case and n > 4 in the symplectic case. Let a be a non-nilpotent 
element in R and a(X) be in E 4 (ri, R a [X], I a [X]), with a(0) = Id. Then there exists 
a*(X) G ¥}(n,R[X]J[X]) such that a*(X) localises to a(bX), for b G (/), where 
N > 0, with a*(0) = Id. 
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Proof: Let a(X) = UUi 9e ikjk (fk(X)), where f k {X) = f k (0) +Xg k {X). There- 
fore, a{X) = nLi7fc 9Zi k jk( X 9k(X)) %\ where 7i = nLi 9^i k j k (/fe(0)) and 7; is 
in E l {n,R a ,I a ). We have a(Y ir X) = l\l =1 ( lE=i (Yh t (X, ^))/« m )) , where 
either i t = 1 or j t = 1, by Lemma [3.11 Note that h t (X,Y) s 2?[-X", Y], when i t = 1 
and h t (X, Y) G 2[X, Y], when j t = 1, and to is a natural number. Let us choose 
N = m + N' and define a*(X,Y) to be flLi ( ULi 9 e nh (a N 'Yh t {X, a N Y))j . 

Clearly a*{X,Y) E E 1 (n, R[X, Y] , I[X, Y]) and a{{a N Y) iT X) = a*(X,Y). Sub- 
stituting Y = 1, we get a(MQ = a*(X), for 6 6 (a N ), N > 0. Note that 
a*(X) e E^n,^^],/^]), with a*(0) = Id. □ 

Theorem 3.4. Let R be a commutative ring with R = 2R, and let I be an ideal of R. 
Let n > 3 in the linear case and n > 4 in the symplectic case. Let a be a non-nilpotent 
element in R and a{X) be in ~E(n, R a [X], I a [X]) , with a(0) = Id. Then there exists 
a*(X) e E(n,R[X], I[X]) such that a*(X) localises to a(bX), for b £ (a N ), where 
N > 0, with a*(0) = Id. 

Proof: Follows from the previous lemma and Lemma [2.9l which says that E(n, R, I) 
isE 1 (n,R,I)f)G(n,R,I). □ 

4 Transvection Groups 

Following H. Bass one can define transvections of a finitely generated i?-module as 
follows: 

Definition 4.1. Let M be a finitely generated i?-module. Let q € M and ir e M* = 
Hom(M, R), with ir(q) = 0. Let Tr q {p) "■= it{p)q. An automorphism of the form 1 + ir q 
is called a transvection of M, if either q s Um(M) or it £ Um(M*). Collection of 
transvections of M is denoted by Trans(M). This forms a subgroup of Aut(M). 

Definition 4.2. Let M be a finitely generated R module. The automorphisms of 
N = (R _L M) of the form 

(a,p) H- (a,p + ax), 
(a,p) ^ (a + T(p),p), 

where x € M and r S M* are called elementary transvections of AT. Let us denote 
the first automorphism by E x and the second one by E* . It can be verified that these 
are transvecions of N. Let us consider n(t,y) = t and q — (0,x) to get E x . Next we 
can consider n(a,p) = r(p), where r e M* and q = (1, 0) to get 25*. The subgroup of 
Trans(A^) generated by elementary transvections is denoted by ETrans(iV). 

Definition 4.3. Let I be an ideal of R. The group of relative transvections 
w.r.t. an ideal I is generated by the transvections of the form 1 + 7r 9 , where either 
q e Um(7M),7r e Um(Af), or q G Um(M),7r € Um(/M*). The group of relative 
transvections is denoted by Trans(M, IM). 
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Definition 4.4. Let 7 be an ideal of R. The elementary transvections of N = 
(R _L M) of the form E X ,E*, where x G IM and r G (IM)* are called relative 
elementary transvections w.r.t. an ideal 7, and the group generated by them is 
denoted by ETrans(/7V). The normal closure of ETrans(7iV) in ETrans(A^) is denoted 
by ETrans(7V, IN). 

Lemma 4.5. Let I be an ideal of R and M be a free R module of rank n > 2, and 
N=(R±M). Then ETrans(7V, IN) = Trans(7V, IN) = E n+i (R, I). 

Proof: Note that when M is a free R module, an element of Trans (AT, IN) looks 
like I n +i + v t w, for some v, w G R n+1 , with either v or w unimodular and belongs to 
I n+1 (C R n+1 ). Also (v,w) = 0. Therefore Trans(A, IN) C E n+1 (R,I) (follows from 
[13] , Lemma 1.2 and Lemma 1.3). 

Using definition of ETrans(A, IN), E n+ i(R, I) and the fact that in the free case 
elementary transvections E x and E* of N are of the form (q f n ), and ( * 7 ° ) , respec- 
tively, we get ETrans(iV, IN) C E n+1 (R,I). By ([S], Lemma"2.2) and ([1^]. Lemma 
2.7(a)) we have E n+ i(i?,7) C ETrans(7V, 77V), hence ETrans(iV, 77V) = E n+ i(i?,7). 
We have E„ + i(i?, 7) = ETrans(7V, 7A^) C Trans(7V, IN) C E n+ i(i?, 7), and hence the 
result follows. □ 

Here we establish dilation principle for the elementary transvection group. 

Lemma 4.6. Let I be an ideal of R and let M be a finitely generated module of R. 
Let a be non-nilpotent element of R such that M a be free R a -module of rank at least 
2. Let N = (R ± M). Let a{X) e ETrans(N a [X],IN a [X]), with a(0) = Id. Then 
there exists a*(X) e ETrans(N[X], IN[X]) such that a*(X) localises to a(bX), for 
b G (a N ), where N > and a*(0) = Id. 



Proof: Given that M a is a free i? a -module. Using Lemma 14.51 we get that 
ETrans(N a [X],IN a [X]) = E n+1 (R a [X],I a [X}). Using Lemma EH we get P*{X) G 
E n+1 {R[X},I[X]) such that $*{X) a = a{b'X), where b' G (a N ), N > 0. 

Let us choose a*(X) from ETrans(AT[X], IN[X]) such that a*(X) a = /3*(X) a , 
over the ring R a [X}. Therefore a*(X) localises to a(bX) for b G (a N ), where N > 
and a*(0) = Id. □ 

Lemma 4.7. Let I be an ideal of R and let M be a finitely generated projective R- 
module of rank n > 2. Let N = (R _L M). Let a(X) G Aut(iVLY]), with a(0) = Id. 
If for each maximal ideal m of R, a(X) m G ETrans(iV m LY], IN m [X]), then ct(X) G 
ETrsas{N[X],IN[X]). 

Proof: One can suitably choose an element a m from R \ m such that a(X) am G 
ETrans(M Qm [X]). Let us set j(X,Y) = a(X + Y) am a(Y)-\ Note that j(X,Y) 
belongs to ETraDs(M am [X,Y],IM am [X,Y]), and j(0,Y) =™Id. From the above 
lemma it follows that j{b m X,Y) G ETrans(MLY, Y] , IM[X, Y]), for b m G (a^), 
where iV 3> 0. The ideal generated by 6 m 's is the whole ring R. Therefore we 
have cib mi + • • • + Ckb mk = 1, where a G R, for 1 < i < k. Note that 7(c.;6 mi X, Y) 
belongs to ETrans(M[X, Y],IM[X, Y]), for 1 < i < k. Hence a(X) which is equal to 
Il-Ji 1 ~f{cib mi X, TMcub^X, 0) is in ETrans(M[X], IM[X]), where T, = c l+1 b mi+1 X+ 
\-c k bm k X. □ 



7 



Theorem 4.8. Let I be an ideal of R and let M be a finitely generated projective 
R-module of rank n > 2. Let N = (R _L M). Let q(X) £ \Jm(N[X],IN[X]), 
where q(X) is of the form (a(X),p(X)). If for each maximal ideal m of R, q(X) £ 
q(0)ETr&ns(N m [X],IN m [X]), then q(X) £ q(0)ETraxis(N[X],IN[X]). 

Proof: For each maximal ideal m of R, we get /3( m ) (X) £ ETrans(M m [X] , IM m [X] ) 
such that v{X)[3 (m) {X) = v(0). Let us define j(X,T) = f3 (m) (X + T)[3 [m) {X)- x . 
Clearly j(X,T) £ ETrans(M m [X, T] , IM m [X, T] ) . There are only finitely many de- 
nominators involved. Therefore there exists a m € R \ m such that j(X, T) belongs 
to ETraxis(M am [X,T],IM am [X,T]). Also 7pf,0) = Id. This implies -y(X,b m T) £ 
ETrans(M[X, T],IM[X,T}) for b m £ (a%), N > 0. Now, v(X + b m T)^(X, b m T) = 
v(X + b m T)f3 (m) (X + 6 m T)/3 (m) (X)- 1 = ^(O)^)^)- 1 - v(X). 

Note that the ideal generated by 6 m 's is the whole ring R. Therefore c\b mi + ■ • • + 
Cfcfomfc = 1; where Cj £ R, for 1 < i < k. In the above equation replacing b m T by 
X and X by c 2 b m2 X + h c k b mk X we get, 

= v{b mi X + b m2 X + -- - + b mk X) £ v{b m2 X + -- - + b mk X) ETrans(M[X],/M[X]). 

Again in the above equation replacing X by b ma X + ■ • • + b mk X and b m T by b m2 X we 

get, v(b m2 X + - ■ - + b mk X) £ v(b m3 X-\ h6 mfc AT)ETrans(M[A], IM[X\). Continuing 

in this way we get v(b mk X + 0) £ v(0)ETrans(M[X], IM[X]). Combining all these 
wegetv(X) £v(0)KTrans(M[X],IM[X]). ' □ 

Here we establish equality of two groups. 

Proposition 4.9. Let I be an ideal of R. Let M be a finitely generated projective R- 
module of rank at least 2, and N = (R J_ M). Then Trans(N, IN) = ETrans(iV, IN). 

Proof: Note that ETrans(iV, IN) C Trans(iV, IN). Let us consider an element 
a £ Trans(iV, IN). There exists a(X) £ Trans (N[X],IN[X]) such that a(l) = a and 
a(0) = Id. Let m be a maximal ideal of R. Wehavea(A) m £ Trans(A r m [X], IN m [X]) = 
ETrans(iV m [A], /A^m^]) (see Lemma 03]). This is true for all maximal ideal m of R 
and hence by Lemma [4.71 we have a(X) is in ETrans(ALY], IN[X]). Substituting 
X = 1 we get a £ ETrans(A, IN), and hence Trans(A, IN) C ETrans(A, IN). □ 

5 Symplectic Modules and Symplectic Transvections 

Definition 5.1. Alternating Matrix: A matrix in M n (R) is said to be alternating 
if it has the form v — v l , where v £ M„ (R) . (It follows that its diagonal elements are 
zeros.) 

Lemma 5.2. Let (R, m) be a local ring and I be an ideal of R. Let ip be an alternating 
matrix of Pfaffian 1 over R, and tp = if> n (mod /) . Then ip is of the form 

(l-LejSMl-Le), 

for some e £ E2„-i(ii, /). 
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Proof: Follows using induction on n and the fact that for any v £ Um„(P, I), 
v = ei/3, for some [3 £ E n (R, I). □ 



Remark 5.3. The condition that the alternating matrices, in this article, are of 
Pfaffian one can be extended to all invertible alternating matrices by observing that 
an invertible alternating matrix over a local ring which is congruent to (u ipi -L i>n—l) 
(mod I), where u = Pfaffian ip, is of the form (1 _L £7)'(im/>i _L ipn-i)(l -L E), for 
some relative elementary matrix E. Only slight modifications in the proofs given below 
are needed, which is an easy exercise. 

Remark 5.4. Let if be an alternating matrix of Pfaffian I, over R. Let us consider 
the local ring Pnx ? where nr be a maximal ideal of R. We will get £(m) £ E2n— i(Pm) 
such that over R m we have ip — (1 _L e(Tti)) tpnO- -L £ ( m ))- Let a be the product of 
denominators of all the entries of e(m). Clearly a is not in m. Hence we get e from 
¥i2n-i{Ra) such that <p = (1 _L e) t i/'n(l -L e). 

Note: When dealing with relative case w.r.t. an ideal I of R, we will always assume 
that the alternating matrix if of Pfaffian 1 is congruent to ^> n (mod /). Using Lemma 
\5. 6 A and arguing as above we get that over ring R m we have cp = (1 _L s) ip n (l _L e), 
where e £ E2„-i(i? a , I a ), for some a ^ m. We will constantly use this fact without 
even refering to it! 

Definition 5.5. A symplectic i?-module is a pair (P, (.}), where P is a finitely 
generated projective i?-module of even rank and (, ) : PxP — > R is a non-degenerate 
(i.e, P = P* by x — > (x, )) alternating bilinear form. 

Definition 5.6. Let (P±,(,)±) and (P2,{,)2) be two symplectic i?-modules. Their 
orthogonal sum is the pair (P, (, )), where P = Pi © P2 and the inner product is 
defined by ((^1,^2), (qi, q%)) = (pi, qi)i + (P2, 52)2- 

There is a unique non-degenerate bilinear form (, } on the R- module H(i?) = 
P © R*, namely ((01,61), (a 2 , 62)) = aib 2 - a 2 b\. 

Now onwards Q will denote (P 2 _L P) with induced form on (H(P) _L P), and 
Q[X] will denote (R[X\ 2 1 P[X]) with induced form on (H(PLY]) _L P[X]). 

Definition 5.7. An isometry of a symplectic module (P, (,}) is an automorphism 
of P which fixes the bilinear form. The group of isometries of (P, (, )) is denoted by 
Sp(P,(,». 

Definition 5.8. In [3] Bass has defined a symplectic transvection of a symplectic 
module P to be an automorphism of the form 

a(p) = p + (u,p)v + (v,p)u + a(u,p)u, 

where a £ R and u,v £ P are fixed elements with (it, v) = 0. It is easy to check that 
(o~(p), u(q)) — (p, q) and a has an inverse r(p) = p — (u,p)v — (v,p)u — a(u,p)u. 

The subgroup of Sp(P, (, }) generated by the symplectic transvections is denoted 
by Trans Sp (P (,)) (see 0, Page 35). 
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Definition 5.9. The symplectic transvections of Q = (R 2 _L P) of the form 

(a,b,p) i y (a,b- (p,q) +aa,p + aq), 
(a,b,p) i y (a+ (p,q) - (3b,b,p + bq), 

where a, (3 E R and q E P, are called elementary symplectic transvections. 

The elementary symplectic transvections are symplectic transvections on Q. Take 
(u,v) = ((0, 1,0), (0,0,(7)) and (u,v) = ((-1, 0, 0), (0, 0, q)) respectively to get the 
above two transvections of Q. 

The subgroup of Transs p (Q, (, )) generated by elementary symplectic transvections 
is denoted by ETranss p (Q, (, )). 

Definition 5.10. Let / be an ideal of R. The group of relative symplectic 
transvections w.r.t. an ideal / is generated by the symplectic transvecions of the 
form a(p) = p + (u,p)v + (v 1 p)u + a(u,p)u, where a E / and u E P, v E IP are fixed 
elements with (u, v) — 0. The group generated by relative symplectic transvections 
is denoted by Transs p (P, IP, (, ))■ 

Definition 5.11. The elementary symplectic transvections of Q of the form 

(a,b,p) M> (a, b — (p, q) + aa,p + aq), 
(a,b,p) 1 y (a+ (p,q) - (3b,b,p + bq), 

where a, (3 E I and q E IP are called relative elementary symplectic transvec- 
tions w.r.t. an ideal /. 

The subgroup of ETranss P (Q, (, )) generated by relative elementary symplectic 
transvections is denoted by ETranss p (/<5, (, )). The normal closure of ETranss p (/Q, (, )) 
in ETrans Sp (<3, (, )) is denoted by ETranss p (<5, IQ, (, )) • 

Remark 5.12. Let P be a free R-module and {p, q) = pipq 1 \ where ip be an alternating 
matrix with Pfaffian 1. 

In this case the symplectic transvection cr(p) = p + (u,p)v + (v,p)u + a(u,p)u 
corresponds to the matrix fan — v t uip — u t vip)(l2n — avfwp) and the group generated 
by them is denoted by Transs P (f, (,)(p)- 

Also in this case ETranss p (Q, (, will be generated by the matrices of the form 

/ 1 \ /l -0 -q<p\ 

Pv> (q,a) = [ o < 1 vp ), and n v {q,0) = (01 . 

Note that for q = (q\, ... , q 2n ) E R 2n , and for the standard alternating matrix tp n , 
we have 

2n+2 

p^(q,a) = se 2 i(a) J\ se ll (q l - 2 ), (1) 

i=3 
2n+2 

^(q,(3) = se 12 (f3) [] ^((-1)^-2))- (2) 

i=3 
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Lemma 5.13. Let R be a commutative ring with R = 2R, and let I be an ideal of 
R. Let P be a free R-module of rank In, n > 1. Let tp = ip n , the standard alternating 
matrix, then ETranss P (Q, LQ, (,)?/>„) = ESp 2n+2 (P, -0- 

Proof: We first show ETranss p (Q, LQ, (, )^ n ) is a subset of ESp 2n+2 (P, L). It is 
enough to show that an element of the form t^ n (qi, cx)s^ n (g 2 , (qi, a) -1 is in 
ESp 2n (P, L), for qi G R 2n , q 2 G L 2n , a E R and (3 G 7. Here t^ n and s^ n are p^ n or 
/x^ n . Using equations (fT|), © we get ETranss p (Q, LQ, (,),/>„) C ESp 2 „(P, 7). 

To show the other inclusion we recall the equivalent definition of the relative 
group which says that ESp 2n (P, 7) is the smallest normal subgroup of ESp 2n (7£) 
containing se 2 i(:r), where x G 7 (see [S], Lemma 2.2). We have gse2i(x)g~ 1 G 
ETranss p (Q, /Q, (, )^ n ), hence ESp 2 „(P, 7) C ETranss p (Q, LQ, (,}^„), and hence the 
equality is established. □ 

Lemma 5.14. Let P be a free R-module of rank In. Let (P, {, ) ip ) and (P, {, ) v * ) be 
two symplectic R-modules with tp — (1 _L e) ip* (1 _L e), for some e G E 2n _i(P). 
Then 

Trans Sp (P, (,) v ) = (1 ± e)" 1 Trans Sp (P, (,) v *) i 1 1 £ )> 
ETrans Sp (Q, (,) v ) = (7 3 JL e)^ ETrans Sp (Q, (,) v .) (7 3 JL e)). 

Proof: In the free case for symplectic transvections we have 

{hn - v t uip - u t vtp)(L 2n - au l up) 
= (1 JL e) -1 (7 2n - v*wp* - tfvip*) (7 2n - atfup*) (1 J_ e), 

where u = u(l J_ e)* and ?) = u(l J_ e)*. Hence the first equality follows. 
For elementary symplectic transvections we have 

(7 2 ±(l± £ ))- 1 p^(9,a)(7 2 I-(l±e)) 

(7 2 J-(lJ-e))-V„«(?,)8)(/a-L(l-Le)) 
= /vdflle*)- 1 ,)?), 

hence the second equality follows. □ 

Lemma 5.15. 7ef 7 6e an ideal of R and P be a free R-module of rank In. Let 
(P, (,) v ) and (P, (, )tp*) be two symplectic R-modules with ip = (1 J_ ef tp* (1 J_ e), 
for some e G E 2n _i(77, 7). Then 

Trans Sp (P,7P, {,) v ) = (11 e)" 1 Trans Sp (P, 7P, (,)„.) (1 J- e), 
ETrans Sp (Q,7Q,(,} v ) = (*3 1 e)" 1 ETrans Sp (Q, JQ, (, )„.) (7 3 J_ e). 

Proof: Using the three equations appear in the proof of Lemma EH) we get these 
equalities. □ 
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Proposition 5.16. Let R be a commutative ring with R = 2R, and let I be an ideal 
of R. Let (P, (,}tp) be a symplectic R-module with P free of rank In, n > 1. Let 
if = (1 -L ef ip n (1 -L e), for some e € E 2rl -i(P, 7). TTien Transs p (Q, IQ, (,)i> 1 ±i P ) = 
ETrans Sp (Q,/(9, (, ) v ). 

Proof: Using Lemma \5 . 1 31 and Lemma T5.15I we get, 

Trans S p((5 ! /Q, (,)vi-Lp) = ( 7 3 -L e)" 1 Trans Sp ((2, 7Q, (,)v>i-LV™) ( 7 3 - 1 e ) 

= ^Te)- 1 ESp 2+2n (P,7) (J 3 ± e), 

and 

ETrans Sp (Q,/Q, = (7 3 J- e)" 1 ETrans Sp (Q, IQ, (,)^ n ) (7 3 JL e) 

= (la^r 1 ESp 2+2ll (P,7) (J 3 ±e), 

and hence the sequence of equalities are established. □ 

Remark 5.17. In view of above two lemmas, for any symplectic module (P, (, )„) 
over a local ring (R,m), we have Transs P (Q, IQ, (, )if> 1 ± v ) — ETranss p (Q, IQ, (, 
Here I is an ideal of the ring R. 

Next we establish dilation principle for elementary symplectic transvection group. 

Lemma 5.18. Let R be a commutative ring with R — 2R, and let I be an ideal of R. 
Let (P, (, )) be a symplectic R-module with P finitely generated projective R-module of 
rank In, n > 1. Let a £ R be non-nilpotent and (P a , {, ) ip ) be a symplectic module with 
P a be a free R a -module. Also let ip = (1 _L e)* ip n (1 _L e), for some e £ E 2n -i(R a , la) 
over the ring R a . Let a(X) £ ETransg p (Q a [X], IQ a [X], with a(0) = Id. Then 

there exists a*(X) £ ETranss p (Q[X], 7Q[Jf], (,)) such that a*(X) localises to a(bX), 
where b £ (a N ), for N > 0, and a*(0) = Id. 

Proof: We have 

ETraDBBp(Qa[X],IQa[X\,(>)v) 

= (7 3 1 e)- 1 ETrans Sp (Q a [X],/Q a [X], (,)^)(7 3 J- e) 

= (J 3 1 e^ESpa^JUX], J B [X])(I 3 1 £ )- 

Therefore a{X) = (7 3 1 s)-^{X)(I 3 1 e), where p(X) £ ESp 2n+2 (R a [X], I a [X\). 
Also, /3(0) = Id. Note that ESp 2n+2 (R a [X], I a [X]) = ESpl n+2 {R a [X], I a [X]) n 
Sp 2n+2 (P a [X],7 ct [X]). Using LemmaOwe get /3(XF 4 ' ) = Y[se lk0k (Yh k {X,Y) / a m ), 
for r 3> and for each sei k j k cither ik is 1 or j k is 1. Hence (3(XY 4 ) is equal to 
Y[ k r^ n (Yq kl (X,Y)/a m ,Yg k2 (X,Y)/a m ), where T^ n is either p^ n or pt,^ n . Therefore 
a{XY ir ) = l\ k r v ((Yq kl (X,Y)/a m )(l _L e*)" 1 , (Yg k2 (X, Y)/a m )(l _L e 4 )" 1 ), where 
t v is either p v or fj, v (see Lemma [5.14|) . Let us choose a*(X,Y) from the group 
ETT&ns Sp {Q[X,Y}, IQ[X,Y], such that a*{X,Y) a = a{X{a N Y ir )), for AT > 0. 
Substituting Y = 1 we get a*(A) a = a{a N X) □ 
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Lemma 5.19. Let R be a commutative ring with R = 2R, and let I be an ideal of 
R. Let (P, (,)) be a symplectic R-module with P finitely generated projective module 
of rank 2n, n > 1. Let a(X) 6 Sp(Q[X], {.)), with a(0) = Id. If for each maximal 
ideal m of R, a(X) m G ETra,nss P (Q m [X], IQ m [X], where tp m = ip n (mod /), 

then a(X) € ETrans S p(Q[X], IQ[X], (,)). 

Proof: Proof follows arguing similarly as in Lemma 14.71 □ 

Theorem 5.20. Let R be a commutative ring with R — 2R, and let I be an ideal of 
R. Let (P, (,)) be a symplectic R-module with P finitely generated projective module 
of rank 2n, n > 1. Let q{X) = (a(X),b(X),p(X)) is in Um(Q[X],IQ[X]). If for 
each maximal ideal m of R, we have q(X) € q(0)F,Tva,iisg p (Q m [X] 1 IQ m [X], {,) Vm ), 
where ip m = ip n (mod I), then q(X) G g(0)ETrans Sp (Q[X], IQ[X], (,)). 

Proof: Proof follows arguing similarly as in Theorem 14.81 □ 
Here we establish equality of the symplectic transvection group and the elementary 
symplectic transvection group. 

Theorem 5.21. Let R be a commutative ring with R = 2R, and let I be an ideal of 
R. Let (P, (,)) be a symplectic R-module with P finitely generated projective module 
of rank 2n, n > 1. Also assume for any maximal ideal m of R, the alternating form 
(,) corresponds to the alternating matrix ip m , where ip m = ip n (mod I), over the ring 
R m . r/ieraTranssp(Q,/Q,(,)) = ETrans S p(<9, IQ,(,))- 

Proof: We have ETranss p (<3, IQ, (, )) C Transs P (Q, IQ, (, ))• We need to show 
other inclusion. Let us choose a from Transs p (Q, IQ, (, )). There exists a(X) in 
Transs p (Q[X], JQ[X], (, ) v ®r[x]) such that a(l) = a and a(0) = Id. For each 
maximal ide al, Tr ans Sp (Q m [X], IQ m [X], (, ) lf , m ) = ETrans Sp (<3m[X], IQ m [X], (, ) Vm ) 
(see Remark [5T7]). Hence a(X) m e ETranss p (Q m [^], IQm[X], (, ) v ®B, m [x]), for each 
maximal ideal m of R. Therefore from Lemma 15.191 it follows that a(X) is in 
ETranss p (Q[X], IQ[X], (, }) and hence substituting X — 1 we get the result. □ 

6 Equality of orbits 

In this section we establish main result of this article regarding equality of orbits. 

Theorem 6.1. Let R be a commutative ring with R = 2R, and let I be an ideal of 
R. Let (P, (,)) be a symplectic R-module with P finitely generated projective module 
of rank 2n, n > 1. Let v — (a, b,p) £ Um((5, IQ). Then 

(a,b,p) ETrans(Q,/Q) = (a, b,p) ETrans Sp (Q, IQ, (, ». 

Here we also assume that for each maximal ideal m of R, the alternating form (, } 
corresponds to the alternating matrix (p m , where (p m = ip n (mod I), over the local ring 
R m . 

Proof: Let a G ETrans(Q, IQ). Let us choose a(X) from ETrans(Q[X], IQ[X]) 
such that a(l) = a and a(0) = Id. Let us define V(X) = (a, b,p)a(X). 
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Let m be a maximal ideal of R. Over R m , we have ip m = (11. e(m))' tp n (1 _L e(m)), 
where e(m) G E 2 „(-R m , J m ). Let us define W(X) = V{X) (1 _L e(m))^ 1 . We have 

W(X) G W(0) E 2n+2 (R m [X], I m [X}) 

= W(0)ESp 2n+2 (R m [X},I m [X}) 

= W(0) ETrans Sp (Q m [X],7Q ro [X]),(,) v ,J, 

and hence V(X) G V(0) ETrans Sp (Q m [X] , IQ m [X] , (,) Vm ). The first equality above 
follows from ([5], Theorem 5.6) when n > 2. For n = 2 the result has been proved in 
the Appendix — see Theorem l7.8l This is true for all maximal ideal m of R, hence by 
TheoremEini V(X) G V(0) ETrans Sp (Q[X], I[X], (,}). Substituting X = 1 we get 

(a,b,p) a G (a, ETrans Sp (Q, IQ, (,))■ 

Now we show the other inclusion. Let us consider j3 from ETranss P (Q, IQ, (,))■ 
Let P(X) be an element of ETrans Sp (Q[X], IQ[X], (, )) such that = (i and ,3(0) = 
Id. We define V{X) = (a, b,p)0(X). 

Let m be a maximal ideal of R. Over the local ring R m , we define W(X) = 
V(X) (1 _L e(m))- 1 . We have 

W(X) G W(0) (l±e(m)) ETran 8Sp (Q ra [X], IQ m [X], (, ) Vm ) (1 JL e(m))- 1 

= W(0) ETrans Sp (Q m [X],/g m [X],(,)^) 

= W(0)ESp 2n+2 (R m [X],I m [X}) 

= W(0)E 2n +2(R m [X},I m [X}), 

and hence V(X) G V(0) ETrans(Q m [X] , IQ m [X] ) . Here the last equality follows from 
Theorem 17.81 This is true for all maximal ideal m of R, hence by Theorem 14.81 
V(X) G ^(0)ETrans(Q[X],JQ[X]). Substituting X = 1, we get 

(a,b,p) G (a,b,p) ETrans(Q, IQ). 

□ 



7 Decrease in injective stability for Sp(Q, (, ))/ETranss p (Q, (,)) 

Final goal of this section is to give an improvement for Basu-Rao ( 4 , Theorem 2) 
estimate in the module case over finitely generated rings. For this purpose we state 
and prove a few preliminary results. While dealing with the results in the relative 
case w.r.t. an ideal / of a ring i?, we will always assume that over the local ring R m , 
where m is a maximal ideal, the alternating form (, ) corresponds to the alternating 
matrix <p m , where ip m = ipn (mod /). 

Theorem 7.1. ([2], Theorem 3.4, Page 183) Let R be a commutative ring of dim d. 
Let I be an ideal of R and P be a projective module of rank > d+ 1. Let Q — R _L P. 
Let vi,v 2 G Um(Q) and v\ = v 2 (mod IQ). Then there exists (3 G ETrans(Q, IQ) 
such that vi/3 = v 2 . □ 
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Lemma 7.2. Let R be commutative ring of dimension d, and let I be an ideal of 
R. Let us assume R = 2R. Let (P, (,}) be a symplectic R-module with P finitely 
generated projective module of even rank > max{2,d}, and let Q — R 2 _!_ P . Let 
v\,V2 <E \Jm(Q) and v\ = v 2 (mod IQ). Then there exists j3 G ETranss p (Q, IQ) such 
that Vif3 — v%. 

Proof: Follows from Theorem 17. II and Theorem 16. II □ 

Theorem 7.3. Let R be a commutative ring of dimension d. Let us assume R — 2R. 
Let (P(,)) be a symplectic R-module with P finitely generated projective module of 
even rank > d. Let Q = (R 2 _L P), and let Q = (R 2 1 Q). Let a € Sp(Q, (, }) and 
(I 2 _L a) G ETranss p (Q, (, )). Then a is (stably elementary symplectic) homotopic 
to the identity. In fact, a = p{l), and p(0) — Id, for some p(X) £ Sp(Q[X], (, }) n 
ETrans S p(0[X],(,)). 

Proof: Let us choose a(X) from ETranss p (Q[^], (,)), such that a(l) = 1% L a, 
and a(0) = Id. Let eia(X) = v(X) e Vui(Q[X],(X 2 - X)Q[X]). Also ei = 
(1,0,0) G Um(Q[X],{X 2 - X)Q[X]). Therefore by Lemma OJ we have f3{X) G 
ETranssp(Q[X], {X 2 -X)Q[X], (,}), such that v(X)/3(X) = (l,0,0),i.e, e l a(X)f3(X) = 
e x . Let us call the product a(X)f3(X) = S(X). Since S(X) G ETrans Sp (QLY], (, )), we 
have (e 1 8(X),e 2 S(X)) = (e 1 ,e 2 ) = 1, and hence e 2 5{X) = (a(X), 1, q(X)) = u(X) 
(say). Note that 5(0) = Id, hence u(0) = (0,1,0). Also 5(1) = Id, hence «(1) = 
(0,1,0), i.e, u(X) = (0,1,0) (mod (X 2 — X)). Let m be a maximal ideal of R and 
ip m be the alternating matrix over R m , which corresponds to the alternating bilinear 
form (, ). Let us choose an element 

/ 1 

l(X) = -a(X) 1 

= p(q(X) Vm \-a(X)) 

fromETrans Sp (Q m [A], (X 2 -X)Q m [X], (,)), such that e x 7(A) = e x and u(X) 7(A) = 
62 = m(O). This is true for all maximal ideals m of R. By Theorem 15.201 there is a 
7(A) G ETrans Sp (<3[A],(A 2 -A)Q[A], (,)) such that e x 7(A) = e x andu(A) 7(A) = 
e 2 . Let us call 5(X)^y(X) = 77(A). Clearly 77(A) G ETrans Sp (Q[A], (, }), and e x r,{X) = 
ei;e 2 77(A) = e 2 . Let 77(A) = I 2 -1 p(X), where p(A) = 77(A)| Q[X] . Note that p(X) G 
Sp(Q[A],(,}), and 7 2 1 p(l) = 77(1) - 5(1)7(1) - a(l)/3(l)7(l) = a(l) = (h ± a), 
and p(0) = Id. □ 

Theorem 7.4. ([4], Theorem 3.13) Let (R, m) 6e a regular local ring. Assume that 
R contains a field, or characteristic of R \ m ^ m 2 . T/ien 

SpfJZtA-]^ 2 , <,)„,.) = ETrans Sp (i?[A] 2 "+ 2 ,(,) Vm ), 

for n > 1, where tp m is the associated matrix of the alternating bilinear form (,}. □ 
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The next corollary improves Basu-Rao estimate in the module case over finitely 
generated rings. 

Corollary 7.5. Let R be a finitely generated non-singular algebra of dimension d 
over K , where K is either a finite field or the algebraic closure of a finite field. Let 
us assume R = 2R. Let (P. (,}) be a symplectic R-module with P finitely generated 
projective module of even rank >d-2. Let Q = (R 2 1 P), and Q = (R 2 _L Q). Let 
o G Sp(Q, (, }) and {I2 L a) <E ETranss P (Q, (, }). Then o belongs to ETranss P (Q, (, )). 

Proof: From the proof of Theorem 17.31 it follows that a = p(l) for some p(X) G 
Sp(Q[X], (, }), with p(0) = Id. Using Theorem we get that Sp(i? m [X] 2 "+ 2 , (, ) Vm ) 
= ETranss p (i? m [A] 2 ™ +2 , (, ) Vm ), for all maximal ideals m of R. This implies p(X) G 
ETranssp(i? m [X] 2n+2 , (, } Vm ), for all maximal ideals m in R. By Lemma HTH)! p{X) e 
ETrans Sp (-R[X], (, }). Hence a = p(l) belongs to ETrans Sp (i?, (, )). □ 



Appendix 

Alpesh Dhorajia 

Department of Mathematics, Indian Institute of Technology, Mumbai 400 076, India 

The aim of this Appendix is to work out via commutator laws the size 4 cases 
in the study above. This entails proving Lemma 12.91 and Lemma 3.1 above in the 
symplectic size 4 case. 

In order to prove Lemma 12.91 in the symplectic case we need to establish the 
following inclusion first. 

Lemma 7.6. Let n > 2 (i.e. 2n > 4), R be a commutative ring with R = 2R, and 
let I be an ideal of R. Then ESp 2 „(i?, I) C ESp^Ji?, I). 

Proof: It suffices to show ESp2„(i?, /) contains the set = {geij(a)geji(x)geij(~a) : 
a G R, x G /}, for all with i ^ j. First we state the following identities 

[gh,k] = ( B [h,k])\g,k], (3) 
[g,hk] = [g,h]{ h [g,k]), (4) 
«[h,k] = [ 9 h,s k ], (5) 

where 9 h denotes ghg~ Y and [g, h] = ghg^h^ 1 . These identities will be used through- 
out the proof without mentioning it always. 

Also we need the following relations which hold for all integers i,j with i ^ o(j) 
and all elements a,b G R. 
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[seij(a),se a ^i(b)] = se a{i}j (-2ab)se aU}j ((-iy +J a 2 b), (6) 

[seij(a),se ja (j)(b)\ = se i(j(j) ((-l) J+J a 2 b)se l<y{j) (2ab), (7) 

[se <7 ( i)i (a),se CT (j )CTW (6)] = se <T{j)t (~2ab)se a(j)j ((-iy +:l+1 ab 2 ), (8) 

[se CTW4 (a),seij(^)] = se a{i)j {2ab)se a{:j)3 {{-l) l+: > +l ab 2 ), (9) 

[sey(a),se i(T (i)(6)] = se ia ^(2ab), (10) 

[se y (a),se (T0)l (6)] = se <TO)j (-2a6), (11) 

[sea(i)i(a),se*(j)j(b)} = 1, (12) 

[se a{j)j (a),se <j{i):j (b)] = 1, (13) 

se iCT(i )(a) = [se lk (a/2), se feCT(i) (l)], where fc ^ i, cr(j), (14) 

[sejj(a), sefe;(6)] = 1, where i ^ cr(fc), Z and j ^ fc,cr(fc). (15) 

Note that s eij {x) G ESp^Ji?,/), for 1 < i,j < 2 and x G /. For 3 < i,j < 2n 
we have gij(x) = [gen(x/2), ge\j(l)] G ESp2„(-R,/). In the following computation we 
will express generators of Sij in terms of gij(x) or gey (a), where x G I, a G -R. Also 
note that we will use * to represent an element of the ideal / and © to represent an 
element of the ring R, which does not belong to the ideal /. 

Case (a): Let us assume i ^ a(j) and 1 < z < 2, 3 < j < 2n. If i = 1 it is trivial. 
We assume i = 2. Using the equations above we get 

= [se la(i) (*)se Mi) (*),se a{i)i (l)se u{i)j (®)se aU)j (®)} 8e ^ m se Mj) (*) 
= [se ia (i) {*)se Mi) (*), se a{j)j (©)] ( se ° m ( ® } [se ia{i) {*)se jcr{{) (*), 

se ffWi (l)se CT(i)j (©)]) sei ^®he Mj) {*) 
= ABC (say), 



where 



A = [se iCT(i )(*)se iCT (i)(*),se (T ( i ) i (©)], 

B = se<T(3)3( ® ) [se, (TW (*)se 3(TW (*),se (TWl (l)se CT(lb (©)], 

C = s ^se Mj) (*). 



Now 



A = [se ia{i) (*)se Mi )(*),se a{j)j (®)\ 

= se la(i) (*)se j<7 ^ (*)se a(j)j (®)se ja(t) {*)~ l se ia[i) (*y 1 se a(j)l (©) 

= se lrr(l) (*)se Mi) (*) se ^ { ®he Mi) (*) se ^ (*) 

= se iCT(i ) (*)se j<T( j) (*) (se^fi) (*)se CT ( j ) CT ( i ) (*)se i(T(i) (*))se i(T(i) (*), 
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B = se " 0)j( ® ) K (T(i) (*)se J(T(l) (*),se (TW4 (l)se (TWj (©)] 

= [ se ^» ( ®W W (*) SM '^ 

= [se i<T(i) (*)se_ 7 v (i) (*)se iCT(i) (*)se CT(j)CTW (*), se CTWi (l)se CTWj (©)], 

C = se_ 7 vy)(*)se i<7(i )(*)se iCT (j)(*). 

It is clear that A, C G ESp2„(i?,7). In this case cr(i) = 1, and hence B G 
ESpL(i?,/). 

Case (7>,): Let us assume i ^ a(j) and 3 < i, j < 2n. From the calculation in Case 
(a) it is clear that A, C G ESpl n (R,I). We need to show B G ESp^-R,/) in this 
case. We have 

B = [se iCT(i ) (*)se jrj(i) (*)se ia(i) (*)se a(j ) a(i) (*), se CT(i)i (l)se CT(i)i (©)] 
= [ se i ( r( t )(*) s e 4(T ( l )(*)se (T(j)(T(l) (*),se (T(t)4 (l)se (T(4b -(©)] 

= *e Mi) (*)se CT0>w (1) (@) se CT0>(i) (*) <® W W (*) 

^^se^wM) 
= se_ 7 v (i) (*)se iff(i) (*)se CT(j)CT(i) (*) se -«* M (se . (j)CT(i) (*)se CT(j)j (*)) 
»e„ (04 (l) ( se .. (*) se . a{i) (*)se a{j)j (*)) 

se " < * ) * (1 H se ji(*) se ^(»)i(*) se i^(i)( 1 ) se ij( a ) se <T(»)i(*) se ji(*) se y(©) se i'T(»)(- 1 )) 

From the computation below it will be clear that B G ESp 2n (-R,/). We execute 
the calculation with the help of equations (8), (9), (12) and (15). 



se ^ (1) se CT o> W (*) 


= se (7(j)(7(i) (*)se CTWi (-*)se (7(jW (*) 


se ^ W se a{j)j (*) 


= « e <T(j)j(*) 


• e -co«(i) setf (*) 


= se y - (*)se CT(i)j (a*)se ff0b - (*) 


8e * w(1) «W(i)(*) 


= se ^ (1) [ S e 4l (*), S e lCTW (l)] 




= [se i i(*)se CT ( i ) 1 (*)se2i(*),se 1(7 ( i )(l)seii(-l)sei2(l')] 


»e*«, (l) aey (®) 


= s e y (©) 




= se ji(*) 


se ^ (1 W W i(*) 


= se (7 ( i ) 1 (*) 


8e * Wi(1) *e Mi) (l) 


= sei <r(i )(l)seii(-l)sei 2 (-l). 



Case fcj: Let us assume i = ct(j). Clearly Su C ESp 2n (.R, When i > 3 we 
have 

se -^se^(x) = se -( a )K 1 (x/2),se ll (l)] 

= [seji(*)seii(*)se2i(*), seii(®)seij(®)sei 2 (®), 

and hence S irT ^) C ESp 2 „(.R, for i > 3. 
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Now we consider the case i = a(j) and i = 2. For an integer k ^ 1, 2 we have 

se2l(a) se 12 (a;) = se 21 (a)se 12 (x)se 21 (-a) 

= se2l(a W(l), S e fc2 (*)] 

= [ se21 < a W(l), se21 (a) se fe2 (*)] 

= [a, se fe i(*)se fco .( fc )(*)se fe2 (*)] 

= Q se fc i(*) a se fe(T(fc) (*) Q se fc2 (*)se fe i(*)se fe(T(fe) (*)se fc2 (*), 

where a = se21 ( a ) seife(l) which can be expressed in the following three different ways, 
namely 

a = se lk (l)se 2k (®)se a(k)k (®) 
= se rJ ( k)k (®)se 2 k(®)se lk (l) 
= se 2k (®)se a{k)k (®)se lk (l), 

and we will use them as we find it convenient. Now 

= sei * (1)ae2 * ( ® ) (*Mfc)fc(®) ae *i(*) a M*)fc(®)" 1 ) 

= sei " W (se 2k (®)se kl (*)se 2k (®)- 1 ) 
= seifc(1) (se 21 (*) S e fcl (*)) 

= se 2fe (*)se (T(fe ) fc (*)se 2 i(*)sei fe (l)se fc i(*)sei fe (l) _1 . 

Given that * represents elements of / and S± k C ESp 2 „(i?, I), we have a se k i(*) e 
ESpJ„(i2,J). 

= se - (fc)fc( ® )se2fc( ® ) (^i 2 (*) S e fc2 (*) S e^ (fc) (*)) 

= s e „ (fc)fc (©) S e 2fc (©) sei2 ^-j se <T(fe)fe (©)se 2 fe(©) sefc2 ^-) se„ (fc)fc (©) S e 2fc (©) sefc(T ( fc) (*) 

= se 'C)' !( ® ) (seifc(*)se ( ,( fe ) fe (*)se 12 (*)) — (®) s M^(®) sefc2 (*) 

s w(©)( se21 (*) sefel (*) S e Mfe) (*)) 
= (se lk (*)se a{k)k (*)se 12 (*)) se2ki ® } (se lk (*)sei 2 (*)se k2 (*)) 

(se 2 i(*)se 2fc (*)se 2 i(*)se fc i(*)se CT(fc)fc (©)se fc(T(fc) (*)se (T(fc)fc (©)" 1 ) 
= (se lk (*)se a{k)k (*)se 12 (*)) 

(se a{k ) k (*)se lk (*)se a(k)k (*)se 12 (*)se 2k (®)se k2 (*)se 2k (®y 1 ) 

(se 21 (*)se 2k (*)se 21 (*)se kl (*)se (J ^ k)k (®)se ka{k) (*)se (y{k)k (®y 1 ) 
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Given that * represents elements of I and S2k,S<j{k)k Q ESp 2n (i?, J), we have 
a se k( y(k){*) S ESp2„(.R, /). 

a se fc2 (*) = se ™ i -®> e °^®> e ^ 1 \se k 2{*) 

= se2fc (®) se "C=) fc (®)(sei2(*)se fe 2(*)) 
= se -(®) ( S e 12 (*) S e lfe (*) Se21 (*) sefe2 (*)) 
= sei fc (*)se .( fc ) fc (*)sei 2 (*)se .( fe ) fe (*)seife(*)se 2 i(*)se 2fe (®) 
se fe2 (*)se 2fe (©)~ 1 

Similarly as above * represents elements of I and &2k C ESp 2 „(i?, I) implies Q sefc 2 (*) 
is in ESp 2 „(.R, 7)- Therefore S 2 i C ESp 2 „(i?, 7). □ 

Proof of Lemma ESI Let / : E x (n, /) — > E x (n, #/7, 0). Note that 
kcr(/) C E x (n, R, I) n G(ri, i?, I). 

Let M =nfl re 3'i( :c j)fl re it( a i) e E x (n,ii,7) n G(n,R,I). Note that M £ G(n,R,I) 
implies M = II 5 e ji(0)s e ii(<^) = Il5 e i»(^) = -^m i- e > e ker(/). Therefore 
kex(/) = E 1 (n,7i,7)nG(n,E I 7). 

Now we shall prove that ker(/) = E(rt,i?,7). Let E = Y[k=i 9 e jki( x k)9 e ii k ( a k) € 
ker(/). Note that E can be written as ge^iixi) Yl k= 2 7fc9 e jfci( x fc)7fe" 1 j wnere 7; is 
equal to 17^=1 9 e Hk( a k) & E(n, iZ), and hence ker(/) C E(n, -R, I). The reverse 
inclusion follows from the fact that E(n, R, I) C E 1 (n, i?, I). □ 

Proof of Lemma T3. II in the symplectic case when n = 4: Given that stij(X f(X)) 
is in ESp 2n (-R[X],I[X]). First assume i = 1 and /(X) e R[X]. We prove the result 
using induction on r, the number of generators of e. Let r = 1 and e = se pq {a). Note 
that when p = 1, a € iZ, and when q = l,a G 7. Also note that we will use * to 
represent an element of the ideal I. 

Case (1): Let (p,q) — In this case 

*e y (o) <? eij (Y 2 x/(y 2 x)) seii (-a) = seiJ (Y 2 x/(r 2 x)). 

Case (5): Let (p, q) = (1,<t(j)). In this case 

se i<xG)( a ) se lj {Y 2 Xf{Y 2 X)) se la(j) (-a) 
= se 12 (*Y 2 Xf(Y 2 X)) S e lj (Y 2 Xf(Y 2 X)). 

Case (3): Let (p, q) = (1, fc) where fc ^ j, <r(j). In this case 

se lfe (a) se l3 {Y 2 Xf{Y 2 X)) se lk (-a) = se lj (Y 2 Xf(Y 2 X)). 

Case (4): Let (p, q) = (2, 1) and j = 2. Choose fc ^ 1, 2. Then 

aeai(o) se 12 (y 2 X/(r 2 X)) se 21 (-a) 
= se a ( k) i{*Y) se kl (*Y). 



20 



Case (5): Let (p,q) — (2, 1) and j ^ 2. In this case 

sew (a) se^F 2 */ (Y" 2 X)) se 21 (-a) 
= se a{j)1 {*Y) [se aU)1 (*Y),se lj (Y 3 X 2 f(Y 2 X))]. 

Case (6): Let (p, q) = (k, 1), where k ^ 2 and j = 2. In this case 

«e fc i(o) se 12 (Y 2 Xf(Y 2 X)) se kl (-a) 
= se la{k) (*Y 2 X.f(Y 2 X)) se kl (*Y) S e la{k) (Y 3 Xf(Y 2 X)) 
se 12 (Y 2 Xf(Y 2 X)). 

Case(7): Let (p,q) = (c(j), 1) and j ^ 2. In this case 

se .( J -) 1 (a) seij(Y 2 Xf(Y 2 X)) se^^-a) 
= [se a(j)1 (*Y),se lj (YXf(Y 2 X))] se l3 (Y 2 Xf(Y 2 X)). 

Case(8): Let (p,q) = (j, 1) and j ^ 2. In this case 

seji(a) seij {Y 2 Xf(Y 2 X)) 
= se 3l {a) se l] (Y 2 Xf{Y 2 X)) se 12 ((-iy +2 Y 3 Xf(Y 2 X)/2) 

S e 12 ((-iy +1 Y 3 Xf(Y 2 X)/2) se 3l {-a) 
= seji(o) [se a{:j):j {-xyf(Y 2 X)/2),se a{j)1 (Y)} 

se 12 ((-iy +1 Y 3 Xf(Y 2 X)/2) se^-a) 
= [ S e <j{j)l {aYXf(Y 2 X)) se 21 {(-iy a 2 Y X f (Y 2 X)) se a(j)j (-YXf(Y 2 X)/2), 

se 21 (2aY) se aU)1 (Y)] se aU)j {a 2 Y 3 Xf(Y 2 X)/2) 

se j2 ((-iy +1 (aY 3 Xf(Y 2 X)) se 12 ((-iy +1 Y 3 Xf(Y 2 X)/2) 
= se <o]1 (*YXf(Y 2 X)) se 21 (*YX.f{Y 2 X)) se 21 (*Y 2 ) se 21 {*YX f(Y 2 X)/2) 

se aU)1 (*YXf(Y 2 X)) [ S e aU)1 (*Y), S e l3 (Y 2 Xf(Y 2 X)/2)} 

se laU) (*Y 3 Xf(Y 2 X)) S e 12 ((-iy +1 Y 3 Xf(Y 2 X)/2). 

Arguing as in the proof of Lemma 13. II of §3, we can complete this proof. □ 

Using equations (6) to (15) we can improve Theorem 5.6 of [5]. For this purpose 
we first establish the following lemma ([5], Lemma 5.2) for size 4: 

Lemma 7.7. Let I be an ideal of R. Assume that 2R = R. Then ESp 2n (i?, I 2 ) C 
ESp 2n (/), }orn>2. 

Proof: Let z* = ^a t b t with a t ,b t G I. Let (3 = se.y(z*) G ESp 2n (7 2 ) and 
d = se k i(z) E ESp 2 „(i?) for some z E R. It suffices to show that after 1 E ESp 2n (J). 
If (k,l) ^ and (k,l) ^ (a(i),a(j)), then the matrix afta~ l splits into a product 
of elementary matrices from ESp 2 „ (I) . 
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When (k,l) = or (k, I) — (a(i),a(j)), we have 

otfioT 1 = a (\\_seij{a t bt)) a^ 1 
t 

= " il[se l3 (a t b t ) se a(j)j {{-l)^ a t b 2 t /2) se a(])] ((-l) i+ ^ +1 a t 6?/2)) a" 1 
t 

= a ( JJlse^-^t), se i<T ( i )(-a t /2)] se (T(j ) :) ((-l) l+ - 7+1 a t 6j/2)) a" 1 
t 

= I]j seCT M«(~ 2& * z ) se <T(»)i( b t)j se JljU) ((-l) l+: ' +1 a t z' 2 /2) se j<T(i ) (-a t z) 
t 

se iCT ( i )(-a i /2)] se CT(j) . i ((-l) t+ - 7 a t 6jz) se CT(4)l (-a t 6j z 2 /2) 
^ 0b ((-l) l+J+1 « t 6?/2), 

and hence a/3a _1 G ESp 2 „(I). □ 

Now we have Lemma 5.1 to Lemma 5.4 and Theorem 5.5 of [5] for Elementary 
symplectic group of size 4, which will prove the size 4 case of ([5J, Theorem 5.6), viz.: 

Theorem 7.8. ([5], Theorem 5.6) Let I be an ideal of R. Assume 2R = R. Then 
the natural map Uni2„(i?, 7)/ESp 2n (i?, /) — > Um2„(-R, /)/E2„(i?, /) is bijective for 
n>2. ' □ 



References 

[1] H. Bass, If -theory and stable algebra, Inst. Publ. Math. IHES 22 (1964) 
5-60. 

[2] H. Bass, Algebraic if-theory, W.A. Benjamin, Inc, 1968. 

[3] H. Bass, Unitary algebraic if-theory, Lecture Notes in Mathematics 343 
(1973) 57-265 

[4] R. Basu, R.A. Rao, Injective Stability for K\ of Classical Modules, Journal 
of Algebra 323 no. 4 (2010) 867-877. 

[5] P. Chattopadhyay, R.A. Rao, Elementary symplectic orbits and improved 
Ki-stability, Journal of K-Theory 7 (2011) 389-403. 

[6] Hazrat, Roozbeh; Vavilov, Nikolai K\ of Chevalley groups are nilpotent. J. 
Pure Appl. Algebra 179 (2003), no. 1-2, 99-116. 

[7] Hazrat, R.; Petrov, V.; Vavilov, N. Relative subgroups in Chevalley groups. 
J. K-Theory 5 (2010), no. 3, 603-618. 

[8] W. van der Kallen, A group structure on certain orbit sets of unimodular 
rows, Journal of Algebra 82 no. 2 (1983) 363-397. 



22 



[9] S. Mandal, Projective module and complete intersection, Lecture Notes in 
Mathematics 1672 (1997). 

[10] D. Quillen, Projective modules over polynomial rings, Invent. Math. 36 (1976) 
167-171. 

[11] R.A. Rao, An elementary transformation of a special unimodular vector to 
its top coefficient vector, Proceedings of the American Mathematical Society 
93 no. 1 (1985) 21-24. 

[12] A. A. Suslin, L.N. Vaserstein, Serre's problem on Projective Modules over 
Polynomial Rings and Algebraic K-theory, Math. USSR Izvestija 10 (1976) 
937-1001. 

[13] A. A. Suslin, On the Structure of the Special Linear Group over Polynomial 
Rings, Math. USSR. Izvestija 11 (1977) 221-238. 

[14] R.G. Swan, Serre's Problem, Queen's paper in pure and applied mathematics 
42 Queen's University, Kingston, Ontario (1975) 1-60. 

[15] L.N. Vaserstein, On the normal subgroups of GL„ over a ring, Algebraic 
if -theory, Evanston 1980 (Proc. Conf., Northwestern Univ., Evanston, 111., 
1980) 456-465; Lecture Notes in Math. 854, Springer, Berlin-New York, 1981. 



23 



